MRI-PHY/P980553 



S-matrices and bi-linear sum rules of 
conserved charges in affine Toda field 

theories 



S. Pratik Khastgirf] 

Mehta Research Institute for Mathematics and Mathematical Physics, 
Chhatnag Road, Jhusi, AUahabad 211 019, INDIA. 



Abstract 

The exact quantum 5-matrices and conserved charges are known for affine Toda 
field theories(ATFTs). In this note we report on a new type of bi-linear sum rules 
of conserved quantities derived from these exact S matrices. They exist when there 
is a multiplicative identity among 5-matrices of a particular ATFT. Our results are 
valid for simply laced as well as non-simply laced ATFTs. We also present a few 
explicit examples. 
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Affine Toda field theoryfim is a massive scalar field theory with exponential interac- 
tions in 1 -|- 1 dimensions described by the Lagrangian 

1 

£ = -d.rd^r - -5^ E n^e^''-t (1) 
^ y i=0 

The field is an r-component scalar field, r is the rank of a compact semi-simple Lie 
algebra G with af, i = 1, . . . ,r being its simple roots and ao is the affine root. The Kac- 
Coxeter labels Ui are such that I]i=o'^«'^« — O5 with the convention hq = 1. The quantity, 
SLo'^j) is denoted by '/i' and known as the Coxeter number, 'm' is a real parameter 

^email: pratik@mri.ernet.in 

^For an excellent review see Rcf. [Gf 
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setting the mass scale of the theory and /3 is a real coupling constant, which is relevant 
only in quantum theory. 

Integrable field theories(such as ATFTs) are characterised by an infinite set of con- 
served quantities. In ATFTs, it is well-known that these conserved quantities are related 
with the Cartan matrix of the associated finite Lie algebra (see eqn. (^)). In this note we 
report that in certain circumstances these conserved quantities satisfy interesting bi-linear 
sum rules, which we believe have never been encountered in theoretical physics. 

Quantum S-matrices for all simply laced [3-8] as well as non-simply laced affine 
Toda theories are known. Based on the assumption that the infinite set of conserved 
quantities be preserved after quantisation, only the elastic processes are allowed and the 
multi-particle S'-matrices are factorised into a product of two particle elastic S'-matrices. 
A typical elastic, unitary S'-matrix for a process a + b ^ a + b can be written as product 
of ratios of hyperbolic sines. 

for some set of integers lab- The building block (x) and the function B{(3) are given by 

(X) = ^^"^(i + B(8) - ' (3) 

^ ^ , etc.sinh(l-fx)' 27rl + /5V47r- 

6* = — 6';, is the relative rapidity {pa = {ma cosh 9a, rria sinh 9a)), h is the Coxeter number 
of the Lie algebra on which theory is based. The above S'-matrices respect crossing 
symmetry and bootstrap principle ||^. Bootstrap equations will constrain both S-matrix 
elements, Sab{9), as well as eigenvalues, g", of the conserved charges acting on single 
particle states (defined by Qs\Aa{9)) = q'^e'^^\Aa{9)), with Aa{9) denoting a particle type 
a). For the fusion process a + b —>■ c, bootstrap equation for the S'-matrices is the following 

0, 

S,,{9) = sue - ^0l)S,b{9 + i9l), (4) 

where ^s are certain angles defined for every triplet of particles possessing a non vanishing 
three-point coupling C^^^. For the conserved charges it has the following form (is in fact 
satisfied by the logarithmic derivative of the S'-matrix |^), 

q: = q:e-'- + q\e-''^^. (5) 

g° = (— l)'^^^^'^ is the effect of charge conjugation on the conserved charges. Nontrivial 
solutions to the conserved charge bootstrap only occur if the spin s modulo h, is equal 
to an exponent of rank-r group G on which ATFT is based. Furthermore each of the r 
particles of the simply laced theories is associated unambiguously with the spots on the 
unextended Dynkin diagram of G and thus to the simple roots(Q;j) of the associated finite 
Lie algebra. Association happens in such a way that a vector made out of the conserved 
charges with spin s, i.e. qs = (q'fS Q'"^, Q'"''), forms an eigenvector of the Cartan matrix 
of G, with eigenvalue 2 — 2 cos(7rs//;,) p. Thus, 

Cqs = A^qs, As = 2 - 2cos(7rs//i) (6) 
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where C is the Cartan matrix Cij = 2ai ■ aj/a'j, i,j = l,...,r. The complete hst of 
eigenvectors for the various simply laced theories can be found in the Table-2 of Ref . |ll|] . 
The spin-1 charge vector gives the masses of the various particles(i.e. = rria)- For 
non-simply laced theories these charges were calculated in the Ref. |T^ . 

Before stating the results we would consider two examples. The following one is from 
Cq^^ theory. The vector qg is given by (see Table 2 of Ref. |p. 1|| . ) 



/ sin 11^, \ 
sin 10^, 
sin 89s — sin 26, 
sin 39 s 
sin 26 s 
sin 



with 6s = {ns/12). 



(7) 



The following identity exists in eg^'*^: 

SHhi9) = Shii6)S-U6)Sui6) 

and we observe that, 

for s = 1, 4, 5, 7, 8, 11. For s = 1, above equation becomes, 

mnmh = nihmi + mjjni + rriLmi. 



(9) 



(10) 



Next we choose an example from non-simply laced theories. We consider the dual pair 

(1) J2), 



{f/\ e^), Ref. 



WsJ 



/sin(f)sin(^)\ 
sin(^) sin(f ) 
sin(^) sin(|^~ 
Vsin(3f)sin(|?)/ 



Ill 
where — + — = - and = 12 + 3B. 
H H' 6 
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In this case we have the following identity^ 

833(6) = S^,i6) 3^,(6). 

One can again observe, 

[Qs? = i<ll? + QUt for s = 1, 5 mod 6. 
The bi-linear mass relation in this case reads, 



:i2i 



(13) 



m 



3 = 771;^ + rriim^ 



(14) 



3see Table 1 of Ref. || 

"^A list of few multiplicative identities of the S'-matrix for different ATFTs is given in appendix A 
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In the above equation masses should be understood as the floating masses (defined in 
expression (4.1) of Ref. [jl2|) for the common quantum theory of the dual pair (/i^^ ^&^)- 

Observing these examples carefully we make the following proposition. To prove it we 
would need to make certain conjecture about the Fourier coefficients in the expansion of 
logarithmic derivatives of S'-matrix. 

Proposition: 

If 

n Sam= n sMo) (15) 

a,b(i{i,j} a',fe'e{j',i'} 

for some sets {«, j} and j'} then, 

a,6e{j,i} a',fe'G{i',jr'} 

for every individual s. 

Proof: Starting with the logarithmic derivative of the S'-matrix (Ref. P]), Tab = 
^ In SabiO), one can write eqn. (^) in terms of the quantities T to obtain, 

T^{e) = Tda{e - tol) + Tdbie + lOi). (i7) 

Expanding T{9) as a Fourier series in 6{S{6) is 27ri periodic), 

oo 

TabiO) = E e^'' (18) 

s=— oo 

where quantities t"* are a set of coefficients which as a consequence of ([T7|) must satisfy 

tf = e"*"^'- + tfe''^^^ , (19) 

very reminiscent of the eqn. (^. The unitarity and crossing symmetry conditions put the 
following restrictions on the coefficients t^^. 

Tab{9)=Tabi-9) tf = e}^, (20) 

and 

Tab{in - e) = -T,-a{0) tf = {-iy^H% (21) 



From the form of eqn. (|T9|) we are led to the following factorised form of the Fourier 
coefficients^, 

tf = q>l (22) 

which is consistent with all the above constraints. The eqn. ( P!UD will immediately follow 
from the eqn. (^. 

^There may be some multiplicative coefficient independent of a, b and s on the right hand side of the 
expression ( p^ ) 
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Now taking logarithmic derivative of both sides of the equation (|1^) we have, 



a,be{i,j} a',b'e{i',j'} 

oo oo 

E E tfe'' = E E tfe^' 

a.feG{j,j} s=-oo a',b'e{i',j'} s=~oo 



oo 



E ( E tfy' = E ( E ^ 

s=-oo a,b&{i,j} s=-oo a' ,b' ,j ' } 



E = E tf- (23) 

o.,be{i,j} a',b'e{i',j'} 

In the last equation we use ( p2t) to arrive at the result (|16|). 

To conclude we have shown an interesting relation between the S-matrices and the 
conserved charges. One may derive these results from the work of Niedermaier (Ref. 
||r3|). But there author talks about the exact quantum charges of simply laced theories. 
Our results are valid for non-simply laced theories as well. Moreover we think that these 
bi-linear sum rules are not something sacred to the real coupling ATFTs, but would 
also work for other two-dimensional integrable models like sine-Gordon theory (which is 
actually an imaginary coupling a'l^ ATFT), massive Thirring model etc.. One of the main 
features of the these models is topological sohtons. So, analogously we would like to think 
that the bi-linear sum rules would connect topological charges of the solitons when there 
are multiplicative identities present in soliton-soliton scattering matrix. 
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Appendix A: 

List of few multiplicative identities of the S'-matrix for different ATFTs. 

i) aW,4i),(4i),4+i) and (6«,41i) : 

S,,{9) =Suie)Si3ie) (A.l) 

^23^ =Suie)Suie) (A.2) 

524^ =5i3(^)5i5(^ (A.3) 

^33^ = S22ie)s,5{e) = Sr,{e)s^,{e)s,,{e) (aa) 

= S23{9)S,e{e) = Si2{e)Si,{e)S,ei0), etc. (A.5) 
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ii) 



(1) . 



SLL{e) =Su{e)Sa{e) (a.6) 

SHL{e) = SnmST,m = S^f{e)Su{9) = S,i{9)SM = S-,i{9)Sm{9) (A.7) 
Shh{9) ^S^,{9)S,-,{9) = Sj,-,i9)S^-,i9), etc. (A.8) 
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(1) 



S33{9) = S22{9)S23{9) (A.9) 

^54^ =Su{9)S3,{9) (A.IO) 

546^ = Sui9)Su{9)S23i9) (A.ll) 

Su{9)Sr7{9) ^ S,5{9)See{9), etc. (A.12) 



iv) e« 



^23^ =^16^ (A.13) 

^22^ =Sni9)Sui9) (A.14) 

^45^ = S^j{9)S23i9) (A.15) 

S67{9) = S,5{9)S25{9)Ss^{9), etc. (A.16) 
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